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FNPF Analysis of Stochastic
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Interaction Systems
A two-dimensional fully nonlinear potential flow model is employed to investigate non-
linear stochastic responses of an experimental fluid-structure interaction system that
includes both single-degree-of-freedom surge-only and two-degree-of-freedom surge-
heave coupled motions. Sources of nonlinearity include free surface boundary, fluid-
structure interaction, and large geometry in the structural restoring force. Random waves
performed in the tests include nearly periodic, periodic with band-limited noise, and
narrow band. The structural responses observed can be categorized as nearly determin-
istic (harmonic, sub- and super-harmonic), noisy periodic, and random. Transition phe-
nomena between coexisting response attractors are also identified. An implicit boundary
condition upholding the instantaneous equilibrium between the fluid and structure using
a mixed Eulerian-Lagrangian method is employed. Numerical model predictions are
calibrated and validated via the experimental results under the three types of wave
conditions. Extensive simulations are conducted to identify the response characteristics
and the effects of random perturbations on nonlinear responses near primary and sec-
ondary resonances. �DOI: 10.1115/1.2426990�
ntroduction
Much research has been conducted to analytically and experi-
entally investigate the complex nonlinear responses of compli-

nt ocean structural systems �e.g., �1–5��. For this class of struc-
ural systems, they usually possess high degree of nonlinearity in
estoring forces and the environmental excitations �e.g., waves,
ind, etc.� are random in nature. Because of their large displace-
ents, fluid-structure interaction plays a significant role in both
uid and structural dynamics. In addition, the structural responses
re coupled in various degrees-of-freedom.

To keep the analysis manageable, studies often keep only the
ost dominant motion �e.g., surge�, and the wave excitations are

ssumed deterministic and approximated by simple sinusoidal
unctions. Even with the simplified models, diverse and complex
onlinear structural responses have been identified to exist �e.g.,
6,7��.

Perfect sinusoidal waves are seldom observed in the field and
arely realized in laboratory. A more realistic wave model was
ntroduced by taking into account the presence of random wave
omponents �e.g., �8,9��. Because the presence of randomness in
he wave excitation increases the degree of complexity in the
nalyses, early studies on the nonlinear stochastic responses had
een limited to employ semi-empirical, small-body-based, single-
egree-of-freedom �SDOF� models �e.g., surge only�. Some of the
tudies modeled random waves by a simple sinusoidal function
ith additive random components to examine the underlying char-

cteristic responses, and the noise-induced transition and interac-
ion behaviors among those coexisting response attractors �e.g.,
8��. Others carried out the studies on the probabilistic properties
f nonlinear responses subjected to spectrum-specific random
aves �e.g., �9��.
To calibrate these analytical and numerical results, a medium-

cale, experimental study of the nonlinear responses of a sub-
erged, moored ocean structure was carried out �10�. In this
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study, two experimental models, a single-degree-of-freedom
�SDOF� in surge only and a two-degree-of-freedom �2DOF� in
coupled surge and heave, were employed to examine the response
characteristics of each model and their correlations. The tests con-
ducted were intended to be categorized as the deterministic �sub-
jected monochromatic wave excitations� and the stochastic �sub-
jected to random wave excitations�. It was, however, noted that
the tank noise and other sources of perturbations in waves were
present for all tests, and no perfect “deterministic” tests were per-
formed. All the waves generated can then be considered to be
stochastic with various degrees of randomness, and experimental
responses including both SDOF and 2DOF models exhibited
highly nonlinear characteristics.

Based on small body theory, several analytical and numerical
models have been developed for experimental response compari-
sons, both deterministic and stochastic �e.g. �11–13��. Although
these predictions show reasonably good agreement, the overly
simplified wave conditions and the empirical nature of the formu-
lation governing the fluid-structure interactions were recognized.
A more advanced numerical model in better describing both fluid
and structural response behaviors and their interactions were
strongly recommended.

In this study, we systematically examine and analyze the results
of both SDOF and 2DOF experimental, moored, submerged
spheres �10�. It is noted that fluid-structure interaction may play a
significant role in affecting the response characteristics. Simula-
tions, analyses, and comparisons are carried out from a stochastic
perspective, taking into account the random nature of the wave
excitations in the experiment reported by Yim et al. �10�. Depend-
ing on the source and degree of randomness in the waves, the
wave excitations considered in the study are classified as nearly
periodic, periodic with random noise, and narrow-band random. A
two-dimensional �2-D� fully nonlinear potential flow �FNPF�
model is introduced and modified to incorporate the experimental
configurations for random wave and structural response simula-
tions. For the FNPF model, the fluid domain is governed by the
potential flow theory incorporated with fully nonlinear boundary
conditions. A Shinozuka’s formulation �14� is employed with the
linear wave theory to back-calculate the strokes of a piston-type
wavemaker for random wave generation. The waves simulated

and compared include nearly periodic, periodic with random per-
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urbations, and narrow-band random waves. The sphere is con-
erted to an equivalent cylinder for 2-D computations, and its
otions are governed Euler’s rigid body motions. Instantaneous

quilibrium between fluid and structure is upheld by an implicit
oundary condition, and hence fluid-structure interaction is ac-
ounted for. Dimensions of the computational fluid domain are
onstructed for each test based on the wavelength of incident
aves. The model simulations are compared with the experimen-

al results in both time and frequency domains. The effects of
andom perturbations on the response characteristics are further
nvestigated near primary and secondary resonance regions.

xperimental Configurations
The experiment including SDOF and 2DOF configurations was

onducted at the O. H. Hinsdale Wave Laboratory at Oregon State
niversity in a wave channel that was 104.3 m long, 3.66 m wide,

nd 4.57 m deep with a hydraulically driven, hinged flap wave
oard �10–13�. Data recorded during each test included wave pro-
les, water particle velocities, sphere displacements, and restoring
orce on the springs. For reference purpose, a brief description of
oth SDOF and 2DOF models are presented here. A more detailed
escription of the model configurations can be found in Yim et al.
10�.

SDOF Model Configuration. The SDOF experimental model
onsidered has geometrically nonlinear two-point moored systems
ith confined motions in the surge �Fig. 1 with b=0�. The model

onsists of a neutrally buoyant sphere on a rod supported by
uyed masts 2.75 m above the bottom of a closed wave channel.
prings with stiffness of 292 N/m were attached to the sphere at
90 deg angle to provide a nonlinear restoring force �10�. The

amping mechanism includes a linear system �structural� compo-
ent �associated with the system connections and contact points of

ig. 1 Experimental SDOF model of a submerged, hydrody-
amically damped and excited nonlinear structural system
nstrumentation�, a time-dependent Coulomb friction component

0 / Vol. 129, FEBRUARY 2007
�due to the setup of restricted surge motion�, and hydrodynamic
drag. The initial tensions �365 N� in the mooring cables were
chosen to ensure nonlinear motion response.

2DOF Model Configuration. The 2DOF experimental model
considered in this study has the same configuration as its SDOF
counterpart, except that the central rod is removed and the sphere
is free to move in all 6 degrees-of-freedom, i.e., surge, heave,
pitch, yaw, sway, and roll �Fig. 2�. Because of the direction of
incident waves and the symmetry of experimental configurations,
it was observed that the movement of the sphere was predomi-
nantly two dimensional �i.e., surge and heave� with negligible
pitch. The energy dissipation mechanism might include structural
damping �associated with system connections and contact points
of instrumentation� and hydrodynamic drag. The time-dependent
Coulomb damping is absent in the 2DOF configuration because of
the removal of the rod. The initial tensions in the springs were set
to be 111.2 N to ensure nonlinear motion response �10�.

FNPF Model of Experimental System
A description of modeling the experimental system employing

the fully nonlinear potential flow model is summarized here. The
formulation is derived here for the 2DOF experimental configura-
tion, i.e., coupled surge and heave motions for demonstration pur-
pose. The formulation of the SDOF, surge only motions is consid-
ered as a limiting case with heave motions equal to zero.

Fluid Domain Formulations. The potential fluid is assumed
homogenous, incompressible, inviscid, and its motion irrotational.
A representative model of a sample test is shown in Fig. 3. The
model has a space fixed x−z axis Cartesian coordinate system
with x positive to the right and z negative down and the origin

Fig. 2 Experimental 2DOF model of a submerged, hydrody-
namically damped and excited nonlinear structural system
located at the intersection of the at-rest wave-making boundary

Transactions of the ASME
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nd the still water level.
The interior of the tank is the fluid domain ���, the fluid bound-

ries ���� are the wavemaker surface �Sw�, the absorbing surface
SA�, the free surface �Sf�, the bottom boundary �SB�, and the body
urface �Sb�. The two-dimensional fluid motion v�x ,z , t� can be
omputed from the positive gradient of the fluid velocity potential,
nd the pressure P�x ,z , t� from the unsteady Bernoulli equation.
n the interior of the domain, the velocity potential ��x ,z , t� and
ts time derivative �t�x ,z , t� satisfy the Laplace’s equation.

�2��x,z,t� = 0 �1a�

�2�t�x,z,t� = 0 �1b�

nd the corresponding acceleration potential is given by �15�

� =
��

�t
+

1

2
����2 �1c�

The acceleration potential is nonlinear in nature and can be
irectly solved for the pressure exerting on the boundary along the
ubmerged structure. In computations, the velocity potential �Eq.
1c�� is formulated and solved for the velocity of fluid particle,
hich is used to estimate wave profile and compute the boundary

ondition for the acceleration potential. The acceleration potential
s then formulated and solved for the boundary condition and
ressure on the surged structure for fluid-structure interaction
omputations.

Boundary Integral Equations. Boundary integral equations
re developed by applying Green’s second identity to � and �t on
f �Sb and are given by

c�Q����Q�
�t�Q� � =�

S

���Q�
�t�Q� � �

�n
ln r�P,Q�

− ln r�P,Q��
���P�

�n

���P�
�n

	 dS �2�

here P, Q are points on the boundary, n is the outward normal of
he boundary, r�P ,Q� is the distance between P and Q, i.e., 
P
Q
 and c�Q� the angle subtended at Q by boundaries.

Boundary Conditions. The fully nonlinear free surface, Sf,

Fig. 3 Two-dimensional numerical wave tan
jected to random waves
oundary condition is given by

ournal of Offshore Mechanics and Arctic Engineering
D�

Dt
= − � +

1

2
� � • �� �3a�

The bottom boundary is assumed fixed and described as

�n = 0 �3b�

The body surface �Sb� is assumed to be rigid and impermeable.
The body surface boundary condition for the acceleration poten-
tial is given by �15�:

��

�n
= n · �V̇ + �̇ � r� − kn��� − V − � � r�2 + n · � � �� � r�

+ n · 2� � ��� − V − � � r� �3c�

where � is acceleration potential �Eq. �1c��. The first term on the
right hand side of the equation is from the body acceleration, the
second from the centripetal acceleration of flow on the curved
body surface, the third from the centripetal acceleration due to
angular velocity of the body, and the last from the Coriolis accel-
eration. kn is the normal curvature of the body surface. The free
surface is updated by a mixed Eulerian-Lagrangian �MEL�
method, which traces the motions of specified fluid particles with
velocities computed from the Eulerian formulation ��16��.

Wave Generation. In the FNPF model, waves are generated by
an oscillating boundary with specified amplitude and frequency
�piston-type of wavemaker�. Given designed wave amplitude at
specified frequency, the stroke of the oscillating boundary S can
be estimated by the linear wave theory. Incorporating with fully
nonlinear boundary conditions �Eq. �3��, both linear and nonlinear
can be generated. For random wave generation, the wave profile is
approximated by applying a Shinozuka’s formulation to incorpo-
rate all the wave components within the frequency range consid-
ered. The resulting stroke of the wavemaker is approximated by a
summation of the stroke corresponding to each of the wave com-
ponents considered.

Stroke of Wavemaker. Shinozuka’s formulation is employed to
simulate the wave conditions considered in the study, including
nearly periodic, periodic with random perturbations, and narrow-
band random. The wave profile is then approximated by �14�

� = �
i=1

N

�i = �
i=1

N

ai cos��it + �i� �4a�

where ai is the wave amplitude at frequency �i, and �i’s are
random phases uniformly distributed over �0 2��. Wave ampli-

odel of a moored, submerged sphere sub-
k m
tudes ai’s and frequencies �i’s are determined based on prescribed

FEBRUARY 2007, Vol. 129 / 11



w
e
w

w
f
t

c

t
w
t
b
s

t
s
a
c

w

�
I
o
O
m
e
p
t
r
a

t
t
d

s
i
a

g
w

M

1

ave spectrum. For the amplitude ai of each wave component, the
stimated stroke Si can be back-calculated by employing linear
ave theory �17� and is given by:

Si =
�2	ih + sinh 2	ih��i

4 sinh2	ih sin�	ix − �it�
�4b�

here the water depth h, the wave amplitude �, and the wave
requency �i are given and the unknown wave number 	i is de-
ermined from the dispersion equation.

The resulting stroke is the summation of the estimated stroke
orresponding to each of the harmonic wave components

S�t� = �
i=1

N

Si cos��it + �i� �4c�

Note that the wave profile at a given location and the calcula-
ions of the phase shifts also account for the difference in the
ave traveling speed of each frequency component. In addition,

o uphold the accuracy and efficiency of computations, the num-
er of sinusoidal components of the wave maker stroke N is cho-
en to be 31 for most of the simulations.

Damping Zone. Artificial damping is applied to the ends of the
ank to cancel-out reflected waves. Fluxes into the boundary are
et equal to zero. In the specified zones, a damping mechanism is
pplied to the dynamics and kinematics free surface boundary
onditions as �e.g., �15��

D�

Dt
= − z +

1

2
����2 − 
�xe��� − �e� �5a�

Dx

Dt
= �� − 
�xe��x − xe� �5b�

here 
�xe� is the damping coefficient.
Different types of wavemakers used in the experimental system

hinged flap� and in the FNPF numerical model �piston� are noted.
n the numerical model, computations and simulations are focused
n the domain of interest, typically the middle section of the tank.
nly steady-state waves are of interest in the computational do-
ain. Well estimated strokes of the oscillatory boundary would

nsure the model simulations are close to the experimental wave
rofile, and the transient wave formation near the wavemaker,
hus the type of wavemaker is relatively insignificant. Numerical
esults show that the FNPF simulated waves are in very good
greement with the experimental results.

Structure-Equivalent 2-D Cylinder. The sphere is converted
o an equivalent cylinder of unit length for 2-D computations. The
arget radius of the cylinder is formulated by equating the hydro-
ynamic forces exerting on the sphere and cylinder as given by

b =
R

2�
0

�

cos2 � d� =
�

4
R �6�

The weight of the equivalent 2-D cylinder is heavier than the
phere by a factor of 3�R /64. The external forcing excitations,
ncluding hydrodynamic, damping, and restoring, are accordingly
djusted to ensure an equivalent dynamic state.

Structural Motions. The motions of the submerged sphere are
overned by Euler’s equation of a rigid body motion and can be
ritten in vector form as

M� + � = F f + Fg �7�
is the inertia tensor and given by

2 / Vol. 129, FEBRUARY 2007
M� = �m 0

0 m

�ẍ1

ẍ2
� �8�

where m is the mass of the unit-width cylinder. Surge and heave
displacements are represented by x1 and x2. � is the gyro moment
and a null vector in 2-D computations.

Fg is the sum of the external forces, consisting of restoring
force R and structural damping force g, and is given by

Fg = R�x� + g�ẋ� = �R1�x1� + g�ẋ1�
�x2� + g�ẋ2� � = �R1 + C1ẋ1

R2 + C2ẋ2
� �9a�

The restoring forces R�x� caused by multi-point springs on the
submerged circle in surge and heave are respectively given by
�e.g., �10��

R1�x1� = � Fo

�l0
2 + x1

2 + x2
2

+ �1 −
l0

�l0
2 + x1

2 + x2
2�K
x1

R2�x2� = � Fo

�l0
2 + x1

2 + x2
2

+ �1 −
l0

�l0
2 + x1

2 + x2
2�K
x2 �9b�

where Fo
initial spring tension, ls
initial spring length,
x1,2,3
cylinder displacement in surge, heave and pitch, respec-
tively, and K
linear spring constant. For the SDOF model, x2,3
=0.

To better systematically adjust the restoring forces according to
the scale factor caused by the 2-D approximation of the sphere �cf.
Eq. �6��, a three-term polynomial approximation is introduced:

R1�x1� � k11x1 + k12x1
2 + k13x1

3

R2�x2� � k21x2 + k22x2
2 + k23x2

3 �9c�

The damping coefficients Ci of the structural damping force g
are given by:

C1 = �1Ccr1 = �1�2m�1�

C2 = �2Ccr2 = �2�2m�2� �9d�

where m
mass of the cylinder and �1,2 and Ccr1,2
natural fre-
quencies and critical damping coefficients of the system in surge
and heave, respectively.

For the SDOF model, the effects caused by the Coulomb fric-
tion on the response characteristics may be more significant.
When the rod is removed for the 2DOF model, the hydrodynamic
drag may play a more prominent role the damping mechanism.

Lastly, F f is the generalized hydrodynamic force and can be
calculated by

F f =�
Sb

�− � − Z�N ds �10�

where � is the acceleration potential and Z is the distance from
the water surface.

Fluid-Structure Interaction. Fluid-structure interaction is
governed by an implicit boundary condition upholding the dy-
namic equilibrium between fluid and body. The implicit boundary
condition is given by

�tn = NM−1��
Sb

− �tN ds� + Q �11a�

where

Q = NM−1��
Sb

�− z −
1

2
� � � ��N ds + Fg − �� + q
�11b�

Transactions of the ASME
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is the generalized normal vector of the body surface.
The implicit boundary condition gives the relationship between

he acceleration potential and its flux on the body surface. This
elation connects kinematic and dynamic conditions and governs
he instantaneous equilibrium between the fluid and structure.

Numerical Implementation. A boundary element method
BEM� with collocation point scheme is employed to solve the
oundary integral equations �Eq. �2��. The BEM is also directly
pplied to compute the implicit boundary condition between the
uid and structure �Eq. �11��. A surface fitting technique, e.g.,
ubic-B spline, is employed for calculations of tangential and nor-
al derivatives. A mesh function is used for arrangement of col-

ocation points for numerical stability. A fourth order Runge-Kutta
ethod time integration is employed. Constant integration time

teps are chosen to satisfy the CFL condition �15�; for this specific
ase, the stability criterion is �18�

�t2 �
8�x

�g
�12�

he Courant-Friedrichs-Levy �CFL� condition can be explicitly
xpressed

� =
max�v��t

� 1 �13�

Fig. 4 Transition from SDOF harmonics to s
sphere displacement
min��x�

ournal of Offshore Mechanics and Arctic Engineering
The depth of the wave tank is kept at 2.75 m for all simulations
to maintain experimental wave conditions as well as the dimen-
sion of the experiment �Fig. 3�. The length of the numerical model
is chosen �4� �� denoting the wavelength of incident waves� to
preserve computational accuracy and efficiency. The number of
collocation points is 10 on the sides, 40 on the bottom, 120 on the
free surface, and 36 on the submerged body. For most cases, the
time step is selected as minimum �Twj /120TS /120�, where Twj is
the period of highest-frequency component in the incident wave
and TS is the structural natural period. The cylinder is supported
0.97835 m below the still water level.

For the SDOF model, to ensure the sphere moving in surge-
only �therefore SDOF�, the hydrodynamic forcing excitation in
heave is offset by an artificial, equal force in the opposite direc-
tion, which approximates the reacting force caused by the pres-
ence of the rod �Fig. 1�.

Fg2 = − � Ff�x2� �14�

where Ff�x2� is the resulting exciting forces in the x2 direction.
This restriction is removed for the 2DOF model, and the simu-

armonics „test D2…: „a… wave profile and „b…
ubh
lated responses move in surge-heave coupled fashion.

FEBRUARY 2007, Vol. 129 / 13
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xperimental Results
Random wave excitations to the experimental results can be

ategorized as nearly periodic, periodic with additive random per-
urbations, and narrow band. For the tests performed, the domi-
ant wave frequencies were chosen to examine the effects of ran-
om wave components on the response characteristics near the
dentified resonance regions.

Fig. 5 Sample 2DOF results near subh
waves with additive noise, „b… noisy surg
Responses Subjected to Nearly Periodic Waves. For the

4 / Vol. 129, FEBRUARY 2007
SDOF tests subjected to nearly periodic waves, the period of the
dominant wave component ranges among the super-harmonic �test
D3�, the harmonic �tests D1, D14, and D15�, and the sub-
harmonic �tests D2 and D9�. The 2DOF experimental results also
exhibit super-harmonic �tests E4, E5, and E7�, harmonic �tests E2,
E3, E6, E8, and E13� and sub-harmonic �test E1� responses. Wave
conditions in the tests range from shallow water waves near the
super-harmonic resonance, linear waves near the harmonic, and

onic resonance „test E9…: „a… periodic
and „c… noisy heave
arm
e,
nearly nonlinear stokes waves near the sub-harmonic �17�.

Transactions of the ASME
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A SDOF sample of nearly periodic wave profile and its corre-
ponding response time history �test D2� are shown in Figs. 4�a�
nd 4�b�, respectively. The test was originally designed to be de-
erministic, however, because of the presence of uncontrollable
eak tank noise, variations in wave amplitude are noted �Fig.
�a��. The variations in the wave profile cause a transition be-
ween two distinct response modes, from harmonic response to
ub-harmonic, observed at around the 120th second in the time

Fig. 6 2DOF experimental results near
periodic waves with additive noise, „b… n
istory �Fig. 4�b��.

ournal of Offshore Mechanics and Arctic Engineering
Responses Subjected to Periodic Waves With Noise. De-
signed additive random components were incorporated in the
waves to examine the noise effects on the structural response char-
acteristics. For the SDOF tests subjected to periodic waves with
random perturbations, the dominant periodic wave components
were chosen to be 2 s for all tests �D4–D8 and D11–D13�. The
intensity of the perturbations is the modulation factor to examine
the noise effects on the nonlinear responses. The variance of wave

per-harmonic resonance „test E14…: „a…
y surge, and „c… noisy heave response
su
ois
FEBRUARY 2007, Vol. 129 / 15
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subharmonic resonance „test D6…: „a… waves and

16 / Vol. 129, FEBRUARY 2007
perturbations varies between 0.01 and 0.03. The experimental re-
sponses all behave in a noisy sub-harmonic fashion. For the 2DOF
tests, the period of the dominant wave component is chosen either
at 2.22 or 6.67 s to examine the noise effects on the sub-harmonic
and super-harmonic responses, respectively. Typical 2DOF sub-
and super-harmonic responses subjected to periodic waves with
random perturbations are shown in Figs. 5 and 6, respectively.

Responses Subjected to Narrow-Band Random Waves. For
the tests subjected to narrow-band random waves, the peak fre-
quencies were chosen to be near the identified nonlinear reso-
nance regions based on deterministic tests. The spectral bandwidth
is the modulation factor to further study the response transitional
behavior. For SDOF tests �D16–D18�, the peak frequency was
chosen at 2 s to examine the transitional phenomenon near the
sub-harmonic resonance. For the only 2DOF test �E10�, the peak
frequency was selected at 2.22 s, also near the sub-harmonic do-
main.

Simulations and Comparisons
The numerical models are calibrated and validated by compar-

ing with the experimental results. Comparisons have conducted
for all tests �both SDOF and 2DOF� in either time or frequency
domain. Representative tests are selected either from SDOF or

and simulated results in power spectrum near
ig. 7 Comparison of nearly periodic wave profile and super-
armonic responses „test E4…: „a… wave profile, „b… surge, and
c… heave displacement; solid line—experimental and dashed
ine—simulated
Fig. 8 Comparison of SDOF noisy experimental

„b… surge response

Transactions of the ASME
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DOF experimental results for demonstration purpose. Parametric
tudies with various degrees of randomness in waves also are
onducted to examine their effects on nonlinear responses near the
rimary and second resonances.

Nearly Super-Harmonic Response (2DOF). When the wave
xcitations are nearly periodic, numerical simulations are in very
ood agreement with both SDOF and 2DOF experimental results
ear harmonic and sub-harmonic resonances. The simulated
DOF super-harmonic responses also agree well with the experi-
ental results. However, discrepancies between 2DOF super-

armonic simulations and experimental results are more
ronounced.

Comparisons of the 2DOF numerical predictions and experi-
ental results of wave profile, super-harmonic surge, and heave

esponses �test E4� are shown in Fig. 7. It is observed that the
imulations of wave profile, surge, and heave are in agreement
ith experimental results. The overestimates of predictions in
oth surge and heave response amplitudes and the differences in
haracteristic details between the predictions and experimental re-
ults are more significant.

These discrepancies may be caused by the approximations of

Fig. 9 Comparison of 2DOF noisy experimen
super-harmonic resonance „test E14…: „a… wav
he ideal fluid �inviscid and irrotational� to real fluid, and a 2-D

ournal of Offshore Mechanics and Arctic Engineering
cylinder to a sphere. The 2-D cylinder approximation may be the
cause for the difference in response amplitude near the sub-
harmonic resonance region. The combined effects of fluid and
structure approximations may lead to the less accurate model pre-
dictions in the drag-dominant domain �17�, near the super-
harmonic resonance in this study.

Noisy Sub-Harmonic Response (SDOF). For the SDOF ex-
perimental responses, the tests were conducted near the sub-
harmonic resonance to examine the effects of noise intensity on
the sub-harmonic responses. Sample experimental wave profile
and response �test D6� near the sub-harmonic resonance ��0.5
Hz�, and the corresponding FNPF simulations are compared in
spectral density shown in Fig. 8. The dominant wave period is
around 2 s, and the wave height varies between 0.2 and 0.4 m.
Good agreement is shown between the experimental and simu-
lated wave spectral densities �Fig. 8�a��. The simulated surge re-
sponse is also in agreement with the experimental result at the
peak frequency in spite of minor discrepancy in energy distribu-
tions in the lower �sub-harmonic� frequency range.

Noisy Super-Harmonic Response (2DOF). Noise effects on

nd simulated results in power spectrum near
and „b… surge response
tal a
es
randomly perturbed super-harmonic experimental responses were
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onducted in the 2DOF model with wave frequency near a sec-
ndary resonance at around 0.125 Hz. Sample experimental wave
nd super-harmonic surge response, and the corresponding FNPF
imulations, are compared and shown in Fig. 9. The numerical
esults show that the heave motions also closely follow the experi-
ental results, and for the sake of length limit and better demon-

tration, only surge response is chosen for 2DOF comparisons.
The wave period is around 6.67 s and wave height varies be-

ween 0.5 and 0.25 m. The FNPF simulated result is in good
greement with the experimental response in both wave and surge
esponse spectral densities �Figs. 9�a� and 9�b��. Nonetheless,
verestimates of predictions in surge response energy are noted
ver the frequency range considered �both at the peak and higher
requencies�. These results are consistent with the assessment that
he 2-D FNPF model with ideal fluid and 2-D structural approxi-

ation does not predict the experimental results well near the
rag-dominant domain, e.g., near the super-harmonic resonance.

Narrow-Band Random Response (SDOF). All the tests of
DOF and 2DOF models subjected to narrow-band random waves
ere conducted near their respective sub-harmonic resonances to

xamine the response characteristics. For better demonstration,
ample experimental narrow-band wave profile and response �test

Fig. 10 Comparison of SDOF narrow-band ex
trum „test D16…: „a… waves and „b… surge
16�, and the corresponding FNPF simulations, are compared and

8 / Vol. 129, FEBRUARY 2007
shown in Fig. 10. The peak wave frequency is at around 0.5 Hz,
and the wave height varies between 0.2 and 0.4 m. Overall agree-
ment is shown between the experimental and simulated responses
in both wave and response characteristics.

Parametric Study Near Resonances
Parametric studies are conducted by keeping the total wave

energy constant but varying the ratio ��=ai /ap� of the amplitude
of noise perturbation �ai’s� to the wave amplitude at the peak
frequency �ap�. When � varies from 0 to 1, the characteristic wave
excitation varies from periodic to band-limited white noise. The
corresponding transitions in response characteristics at the pri-
mary and secondary resonances are examined. Large excursions in
structural response may exist when the corresponding variance is
increased. The results from SDOF and 2DOF models are alterna-
tively selected for most representative demonstrations.

Harmonic Resonance. The primary harmonic resonance lo-
cates near 0.25 Hz for SDOF and 0.23 Hz for 2DOF, respectively.
The wave excitation of the same total energy with peak frequency
near 0.25 Hz transitions from monochromatic to band-limited ran-
dom wave. Numerical results show both SDOF and 2DOF model

imental and simulated results in power spec-
per
response characteristics transitioning in a similar fashion.

Transactions of the ASME
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Sub-Harmonic Resonance. The sub-harmonic resonance lo-
ates near 0.5 Hz for SDOF and 0.45 Hz for 2DOF, respectively.
he wave excitation of the same total energy with peak frequency
ear 0.5 Hz varies from periodic to band-limited random wave.

Representative response transitions near the SDOF and 2DOF
ub-harmonic resonances are shown in Figs. 11�a� and 11�b�, re-
pectively. For SDOF responses, the response variance increases
s the ratio of noise intensity and dominant wave component in-
reases. However, as noted in the 2DOF transition, the response
ariance jumps when random perturbations are present, decreases
hen ratio � reaches 0.4, and then stabilizes. The two distinct

rends may reflect the intricate bifurcation pattern near the 2DOF
ub-harmonic resonance. Dependency between the variation of
esponse variance and underneath bifurcation pattern is then im-
lied.

Super-Harmonic Resonance. The super-harmonic resonance
ocates near 0.13 Hz for SDOF and 0.11 Hz for 2DOF, respec-
ively. The wave excitation of the same total energy with peak
requency near 0.12 Hz transitions from monochromatic to band-
imited wave. Numerical results show both SDOF and 2DOF

odel response characteristics transitioning in a similar fashion.
A representative response transition near the SDOF super-

armonic resonance is shown in Fig. 12. The response variance
ncreases when the ratio � wave component increases. The nu-
erical results indicate that with the same wave excitation energy,
larger excursion can be expected when the random perturbation

ntensity increases.

oncluding Remarks
A fully nonlinear potential flow �FNPF�, 2-D numerical model

ith random wave generation capability has been formulated to
imulate and investigate the results of an experimental fluid-

ig. 11 Response variance versus noise-and-signal ratio near
ubharmonic resonance: „a… SDOF and „b… 2DOF
tructure interaction system, including both SDOF and 2DOF con-

ournal of Offshore Mechanics and Arctic Engineering
figurations. The experimental system consisted of a moored,
surged sphere subjected to various stochastic wave excitations
considered. Major concluding remarks are in the following:

1. Incorporating Shinozuka’s formulation, the FNPF model is
capable of simulating all random wave conditions consid-
ered, including nearly periodic, noisy periodic, and narrow
band. The FNPF simulated random wave profiles are in good
agreement with experimental results. For the tests subjected
to nearly periodic waves, the simulated and experimental
waves are compared in the time domain, and for the tests
subjected to either periodic with noise or narrow-band ran-
dom waves, the simulated and experimental results are com-
pared in the frequency domain.

2. For the tests subjected to nearly periodic waves, the FNPF
structural response simulations are in good agreement with
experimental results in general. Numerical results show that
simulations slightly overestimate in amplitude near the sec-
ondary resonances, e.g., super- and sub-harmonic. The over-
estimate is more notable in the lower frequency, super-
harmonic regions �drag-dominant�.

3. For the tests subjects to periodic waves with noise, good
agreement is shown between simulations and experimental
results in the frequency domain. The simulations agree with
the experimental results at the peak frequencies, and capture
the experimental response characteristics at secondary fre-
quency components.

4. For the tests subjected to narrow-band random waves, simu-
lations capture the experimental response characteristics.
However, overestimate in amplitude is noted at each fre-
quency component over the frequency range considered.

5. By keeping the wave energy constant and varying the ratio
of noise and signal amplitude, transition in response charac-
teristics is examined, and probability of large excursion is
inferred. Numerical results show that, in general, probability
of large excursion in response increases when the noise and
signal amplitude ratio increases. Numerical results also indi-
cate that the increasing trend may depend on the underlying
bifurcation pattern near the resonance examined.

The FNPF model adopts the ideal fluid �inviscid and irrota-
tional� model and 2-D cylinder approximation of a 3-D sphere. In
the model, the complex energy dissipation mechanism in the ex-
periment system, combined with time-dependent Coulomb fric-
tion �SDOF only�, structural damping, and drag effect, is approxi-
mated by a linear viscous structural damping term. The
simplification and approximations may be the causes for the dis-
crepancies between simulations and experimental results, espe-

Fig. 12 Response variance versus noise-and-signal ratio near
super-harmonic resonance „2DOF…
cially notable near the nonlinear resonances �sub- and super-

FEBRUARY 2007, Vol. 129 / 19



h
c
n

r
r
f
t
t
s
n
a
f

A

�
f

R

2

armonic�. This difference in response amplitude and
haracteristics is augmented by the more significant drag effects
ear the super-harmonic domain.

To further improve overall accuracy of model predictions, it is
ecommended that a 3-D model needs to be developed to better
epresent the structural �sphere� boundary condition. In the 3-D
ormulation, a more sophisticated damping model incorporating a
ime-varying factor should also be considered to closely describe
he complex energy dissipation mechanism of the experimental
ystem. Lastly, for more accurate response predictions �especially
ear the drag-dominant, super-harmonic domain�, development of
fluid model incorporating drag effects is also recommended for

uture research.
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